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Abstract

While baking moist cakes and crusty breads is an art, one rthgii that modelling the
process using the three dimensional heat equation shadddegood first order
approximations. Is there a master recipe for a model of cakang only to be improved by
the touch of a numerical chef? We review some recent moddéfeihterature and present
preliminary models for the temperature distribution ineskor different geometries.
Pat-a-cake,

pat-a-cake,

Baker’'s man!

So | do, master,
As fast as | can.

Pat it, and prick it,

And mark it with T,
http://www.apples4theteacher.com/mother-goose-

nursery-rhymes/pat-a-cake.html Putitin the oven
For Tommy and me.
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Outline

= Heat Equation

Rectangular Cake - Fixed BCs
Cylindrical Cake - Fixed BCs
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Heat Equation

Rectangular Cake - Fixed BCs
Cylindrical Cake - Fixed BCs

Baking Times
Data on Genoise Cakes
Other Considerations

Mixed BC Condition at Surface
Moisture Content

Two Layer Model
Coupled PDEs
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Initial Condition:
T(x,y,2,0)="1T.
Boundary Conditions?'(-) = Ty for

r=0,L y=0 W =0, H.
E SEARCDE 2006, PDE Chef p. 47?2



Solution - Rectangular Cake

0O 00 o0 (2n— 1)7ra; =i (20—1)my . 2m—1)7z

T(0) = Ty S S Y S T L D

n=1 /=1 m=1

Where)\nem - ((M)Q n (W>2 n ((anzl)w>2) |
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Solution - Rectangular Cake

0O 00 o0 (2n— 1)7ra: =i (20—1)my = 2m—1)7z

(D) =T Sy S e

n=1 /=1 m=1

Where)\ngm — (((ngl)w)Q_'_ (W)Q—F (W)Q) |

Temperatures aty = 0.5 of width and t = 10 min
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Solution - Rectangular Cake

0O 00 o0 (2n— 1)7ra: =i (20—1)my = 2m—1)7z

T(0) = Ty S S Y S T L D

n=1 /=1 m=1

Where)\ngm — (((ngl)w)Q_'_ (W)Q_F (W)Q) |

Temperatures aty = 0.5 of width and t = 30 min
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Solution - Rectangular Cake

0O 00 o0 (2n— 1)7ra: =i (20—1)my = 2m—1)7z

T(0) = Ty S S Y S T L D

n=1 /=1 m=1

Where)\ngm — (((ngl)w)Q_'_ (W)Q_F (@)2) |

Temperatures at y = 0.25 of width and t = 30 min
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Solution - Rectangular Cake

0O 00 o0 (2n— 1)7ra: =i (20—1)my = 2m—1)7z

T(0) = Ty S S Y S T L D

n=1 /=1 m=1

Where)\ngm — (((ngl)w)Q_'_ (W)Q_F (@)2) |

Temperatures at y = 0.125 of width and t = 30 min
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0O 00 o0 (2n— 1)7m: in (20—1)my = 2m—1)7z

64 T Ty) sin sl T = Dot
T(t) =T, nem
() =To+ 2.2 0. “De—D@2m—1)

n=1 /=1 m=1

Where)\nem — _ ((M)Q n (W)Q n (W)2> |
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We begin with simple solutions of the heat equation:

OT _ (10 (0T, O
ot r Or T(?T 022
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We begin with simple solutions of the heat equation:

OT _ (10 (0T, O
ot r Or T(?T 022

Initial Condition: T'(z, y, z,0) = Tj.

E SEARCDE 2006, PDE Chef p. 6/2?



We begin with simple solutions of the heat equation:

0T 10 ([ 0T O*T
ot (a_ (a—> ' azz)
Initial Condition: T'(z, y, z,0) = Tj.
Boundary Conditions:
T()=1, for r=R z=0,H.

and’’ bounded ar = 0.




lon - Cylindrical Cake

c© oo . (2n—1)7z T
8(T7; . Tb) S1n 12 JO(_]Om) Amn D1
=T}, + o Gom)
b Z Z mn — 1) JomJ1 (]Om)



Solution - Cylindrical Cake

o0 o0 . <2n—1)7TZ T =
8(T@' —Tb) SIHT JO(_]Om) A Dt
T(t) = T, + —
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Solution - Cylindrical Cake

8(T; — Th) x—~ x— Sin —7— Jo(gJom) .. D
T t _ T _|— . a . e mn
(t) b T Z Z 2n—1)  JomJ1(Jom)

Temperatures for t = 20 min
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Solution - Cylindrical Cake

8(T; — Tp) o= = sin w Jo(gjom) . Dt
T t _ T —|— . a . e mn
(t) b — Z Z 2n—1) jomJ1(Jom)

Temperatures for t = 30 min
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o oo . (2n—1)7z r
8(T@' — Tb) S e JO<_]Om) Amn D1
1(t) =1, 2 -
( ) b+ Z Z (2% — 1) jOmjl(jOm)e
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IS the Cake Done?

How long does it take to bake a cake?

m Cake I1s done when center is 263

- SEARCDE 2006, PDE Chef p. 8727



How long does it take to bake a cake?

Cake Is done when center is 263

Solution depends on diffusion constant.

Determine constan? from one cake.
Look at cake data and determihe
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The recipe - Jacques Pepin

Ingredient Recipe | Dry Measure ()
Eggs 6 large 298
Sugar 3/4 cu 176

Vanilla Extract 1/2 tsp 2
Flour lcu 144
Butter 3/4 stick 114

Olszewski, American Journal of Physicdune 2006

ty Diam (in) | Depth (in)
17 8.0 1.0
26 4.1 4.0
20 4.1 2.0
41 9.9 1.8
35 13.0 1.6
20 9.9 1.0
19 4.1 1.8
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Final Temperature

Approximate Solution (OlszewskfAJP, June 2006)

F=_ 2 o (®)oy 2 (3) Dy
Jo1J1(Jo1) ar )
C, &
jor | m C. Oy <1
1 a2 |2 H2> 1s 2
t_ X %, Cl > 1
"
J %, Cy >1
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Baking Times and Diffusion

Diam (in) | Depth(in) | t¢ | Theory (1term)| Theory (100 terms)|| D (ft%/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4
13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

- SEARCDE 2006, PDE Chef p. 112?



Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4
13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

Baking Time vs Height
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Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
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Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4
13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

Baking Time vs Volume
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Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4
13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

Baking Time vs Cross Sectional Area
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Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4
13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

Cross Sectional Area vs Baking Time with Errors

30 35
Baking Time (min)
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Diam (in) | Depth (in) | t¢ Theory (1 term) | Theory (100 terms)|| D (ft*/min)
8.0 1.0 17 15 13.6 0.75597e-4
4.1 1.8 19 24 22.9 1.14186e-4
4.1 2.0 20 26 24.5 1.16302e-4
9.9 1.0 20 15 13.6 0.64379e-4
4.1 4.0 26 37 27.8 1.01339e-4

13.0 1.6 35 38 34.7 0.94034e-4
9.9 1.8 41 44 20.4 0.97533e-4

Diffusion Constant vs Diameter
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1 Boundary Condition

b—T)+q=—hT—|—Qatz:H.

T+ 8(T; — Tj) i i sin i, 2(1 — cos Huy)  Jo(% jom) Amn Dt
T (2H pir, — sin 2H i) JjomJ1(Jom)



Mixed Boundary Condition

AL — (T, - T)+q=—-hT +Qatz=H.

8(1T; — Tb sin 1, 2(1 — cos H iy, Jo( Jom) N Dt
(t) =Ts Z Z 2H,un —sin2H py,) jomJ1(Jom)

n=1m=1

Temperatures for t = 10 min and h=100
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Mixed Boundary Condition

AL — (T, - T)+q=—-hT +Qatz=H.

8(1T; — Tb sin 1, 2(1 — cos H iy, Jo( Jom) N Dt
(t) =Ts Z Z 2H,un —sin2H py,) jomJ1(Jom)

n=1m=1

Temperatures for t = 30 min and h=100
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AL — (T, —T)+q=—hT +Qatz = H.

8(T; — Tp) Sin p, 2(1 — cos Hpy)  Jo( £ Jom
r =7+ "Iy 5 s R e L
(2H pin, — sin 2H i) JomJ1(Jom)

n=1m=1

Temperature at Center vs time
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Realistic Models

me Increases, mass decreases



More Realistic Models

m \Volume increases, mass decreases
m Conduction, convection and radiation contribute
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More Realistic Models

m \Volume increases, mass decreases
m Conduction, convection and radiation contribute
= Parameters change during baking process

conductivity

density

specific heat

heat diffusivity
convection coefficients

- SEARCDE 2006, PDE Chef p. 1327
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Revised Model

= Moisture rises
= Batter dries giving two layers (dough and crumb)
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Revised Model

= Moisture rises
= Batter dries giving two layers (dough and crumb)

= Assume uniformly moist fot < ¢; and two mixtures
for¢ > ty.
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Moisture rises
Batter dries giving two layers (dough and crumb)

Assume uniformly moist fot < ¢; and two mixtures
fort > t;.

SEARCDE 2006, PDE Chef p. 142?



Elgenfunctions

New eigenfunctions

Ui (r, 2, 1) = Jo(22 ) Z,(2)e N
a

where

o SIn [12, 0 <z <h,
Zmj(z) = { sinpy'(H — z), h<z<H.

AssumeZ(z) andD(z)%Z are continuous

- SEARCDE 2006, PDE Chet p. 1527
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Coupled PDE Models

= Most Models for Bread Baking

m Need Convection, Conduction and Radiation
Mechanisms
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Coupled PDE Models
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Most Models for Bread Baking

Need Convection, Conduction and Radiation
Mechanisms

Model Heat, Water, Mass Transport
Boundary Conditions

Conduction to dough
Convection from air
Radiation from oven walls

SEARCDE 2006, PDE Chef p. 1627?









One Model

PDE System
o1 0 o1 ou
ot ow (D m;) TR
ou o, ou 0T
o o <ka> rT
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One Model

PDE System
or 0 0T ou
ot~ ox (Dax> TR
Ju 0 . ou e 0T
ot oz \ Cox) Yot
Boundary Conditions, Top Surface
)\‘g—g =a(T, —T) +q, amg“ =y (ug — u)

- SEARCDE 2006, PDE Chet p. 172?



PDE System

W_g(DaT) L

ot O ox ot
Ju 0 . ou e 0T
ot oz \ Cox) Yot
Boundary Conditions, Top Surface
)\‘g—g =a(T, —T) +q, amg“ =y (ug — u)

Boundary Conditions, Bottom Surface

ou — ), T = T (1)

- SEARCDE 2006, PDE Chet p. 172?
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