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ut + 6uux + uxxx = � (t); (1)

� (t) is Gaussian white noise: zero mean and (< � > = E[� ])
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We consider the one soliton solution of the KdV:
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So far, we have
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Therefore, the transform solution is

ŵ(k; b) = 8� 2 � k
sinh � k

e� bk2
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ut + 6uux + uxxx = � (t) � 
 u; (20)

can be transformed into the damped KdV equation:
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Large Time Behavior of the Soliton Peak:

� 2 Z 1
s2 4b2 s
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Zabusky and Kruskal (1965) studied the KdV equation using
the �nite difference approximation [ ?]:

u(j; n + 1) � u(j; n � 1)
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Conclusions

We use discretized Brownian motion, where W(t) is speci�ed
at discrete t values.
Let, � t = T=N for some positive integer N and let Wj denoteDr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation
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[fontsize=] randn('state',100) T = 1; N = 500; dt = T/N; dW =
sqrt(dt)*randn(1,N); W = cumsum(dW);
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The other identity to con�rm is
< exp(cW(t)) > = exp( 1

2 < W 2(t) > ):
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Amplitude vs Time
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When two solitons collide, they interact elastically. The exact
solution for the two soliton equation is given by

2(p2 � q2)(p2 + q22� (x; t) sinh2 � (x; t))
Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

1 Exact Solution of Stochastic KdV
2 Damped Stochastic KdVDr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation



Exact Solution of Stochastic KdV - Wadati - 1983
The One Soliton Solution Under Noise

Statistical Averages
The Exact Solution for < u(x; t) > via the Diffusion Equation

Solving the Diffusion Equation
The Damped Stochastic KdV

Asymptotics
Numerical Simulation of the Stochastic KdV

Simulating Brownian Motion
Brownian Motion - Simulation, Mean, and Variance

Wadati Identity
Numerical Results - Code for Averaged Soliton

Single Soliton Plus Noise
Averaged Soliton with Noise

Average Soliton Amplitude
Loglog Plot for Average Soliton Amplitude

Zabusky-Kruskal Scheme Plus Stochastic Terms
Vectorized Form

Stochastic KdV Results
Damped, Stochastic KdV Amplitudes - Varying N

Comparisons of Amplitude Decay Due to Noise and Damping
Amplitude Decay for Several Parameters - Integrated

Decay Constants for t 2 [0; 10
Decay Constants for t 2 [0; 100

Decay Constants for Integral Computation
Decay Constants for Finite Difference Results
The Two Soliton Solution of the KdV Equation

Amplitude and Position of Damped Solitons Under Noise
Amplitude and Position of Damped Solitons Under Noise

Conclusions

R. L. Herman, “Solitary Waves,” American Scientist, vol. 80,
July-August 1992, 350-361.

Dr. Herman Numerical Realizations of Solutions of the Stochastic KdV Equation


