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Solitary Waves and Solitons

Solitary Waves

The propagation of non-dispersive energy bundles through discrete and continuous
media.

v

Example - Burgers' Equation

Us + auy + Buw =0,  u(x,t) = [1+ﬁtanh§(x— ct)} .

@
«
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Traveling wave solutions satisfying

@ They are of permanent form;
@ They are localised within a region;

© They can interact with other solitons, and emerge from the collision
unchanged, except for a phase shift.

Example - KdV Equation

U + 6ull + Upx = 0, u(x,t) = 2nsech?n(x — 4n°t), c = 4n°.
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort =0
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FEvolution of One Soliton Solution

One Soliton Solution of Kd fort = 0.1
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort =0.2
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort =0.3
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort =0.4
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fart =04
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fart =06
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fart =0.7
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort =00
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FEvolution of One Soliton Solution

One Soliton Solution of KdY fort=0.9
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The Two Soliton Solution of the KdV Equation

Form of the Solution

When two solitons collide, they interact elastically. The exact solution for the two
soliton equation is given by

2(p* — ¢*)(P* + q* sech x(x, t) sinh® (x, 1))

u(x,t) = (pcoshf(x, t) — gtanh x(x, t) sinh 6(x, t))? (1)
where the phases are
0(x,t) = px — 4p>(t — to) (2)
and
X(x, 1) = gx — 4°(t — to)- (3)

In our simulation we take p =2, g = 1.5 and ¢ty = 0.5.
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =0
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Animation of Two Solitons Colliding

Two Soliton Solution of Kd fort = 0.1
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =0.2
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =0.3

Dr. Herman (UNCW) Stochastic Solitons JMM2009 6 /25



Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort = 0.4
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =04
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =06
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =0.7
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort = 0.0
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Animation of Two Solitons Colliding

Two Soliton Solution of KdY fort =09
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The Two Soliton Solution of the KdV Equation

Two Soliton Solution of KdV (Zabusky-Kruskal Scheme)

0 10 X
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KdV-Burgers Equation

Special Cases

The KdV-Burgers Equation is given by
U + auty + By + Sty = 0.

Traveling wave solutions are given for

u(x,t) = % [1 + tanh k(x — 2kt)] (4)
2
u(x,t) = 12;" sech 2k(x — 4sk?t) (5)
u(x,t) = Asech?n(x — vt) + 2A[1 + tanhn(x — vt)], (6)
where
PR ]
~25as’ ' s’ 7 10s
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White Noise and Colored Noise

Noise Types

White - equal energy/cycle - constant frequency spectrum
Pink - 1/f-noise - flat in log space - decreases 3 dB per octave
Brown - Decrease of 6 dB per octave

Blue - Increase 3 dB per octave

Purple - Increase 6 dB per octave
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White Noise and Colored Noise

White - equal energy/cycle - constant frequency spectrum
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White Noise and Colored Noise

Noise Types

White - equal energy/cycle - constant frequency spectrum
Pink - 1/f-noise - flat in log space - decreases 3 dB per octave
Brown - Decrease of 6 dB per octave

Blue - Increase 3 dB per octave

Purple - Increase 6 dB per octave
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White Noise and Colored Noise

Noise Types
White - equal energy/cycle - constant frequency spectrum
Pink - 1/f-noise - flat in log space - decreases 3 dB per octave
Brown - Decrease of 6 dB per octave
Blue - Increase 3 dB per octave
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Quantifying White Noise

< n(t) >=0.
<n(t)n(s) >=6(t — s).

n(t) is formal derivative of a Wiener process, W/(t)
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Quantifying White Noise

< n(t) >=0.
<n(t)n(s) >=6(t — s).

n(t) is formal derivative of a Wiener process, W/(t)

v

Brownian Motion

%:n(t) or dW = n(t)dt.
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Quantifying White Noise

<n(t) >=0.
<n(t)n(s) >=6(t — s).

n(t) is formal derivative of a Wiener process, W/(t)

daw

=n(t) or dW =n(t)dt.

dt
Stochastic ODE
dx
= = t
5 = en(t)
dx = edW.
xi — xi—1 = e(W(t;) — W(ti—1)) = edW,.
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Quantifying Colored Noise

Exponentially Correlated (Real) Noise - Ornstein-Uhlenbeck Process

¢ _ 1, ¢
gt ——7_§+7_77(t)

<E(t)>=0, <&(E(s) >= ;ef\r—sw.

Gaussian and stationary if

€2

<£0)>=0, <&X(0)>=—

27
T 2
= —_— 76 T/E
p(éo) =/ —e™%
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Quantifying Colored Noise

Exponentially Correlated (Real) Noise - Ornstein-Uhlenbeck Process

¢ _ 1. ¢
i *Ter 7_77(“—)

2
<E(t) >=0, <E(1)é(s) >= %ef\r—s\/r,

Gaussian and stationary if

<£0)>=0, <&X(0)>=—

1/fP-noise, Kaulakys, et al., Physica A, 365 (2006) 217-221

dx
=T x(e), =2

2l +1
20 — 2
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Exact Solution of the Stochastic KdV Equation

Problem

Ur + 6uly + U = ((1), (7)
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Exact Solution of the Stochastic KdV Equation

up + 6uuy + U = (),

Galilean transformation - Wadati 1983

u(x, t) UX, T)+ W(T), X=x+m(t), T=t, (8)

m(t):—6/W /C )t

transforms the stochastic KdV: Ur + 6UUx + Uxxx = 0.
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Exact Solution of the Stochastic KdV Equation

Problem

up + 6uuy + U = (),

Galilean transformation - Wadati 1983

u(x, t) UX, T)+W(T), X=x+m(t), T=t, (8)

m(t):—6/W /g

transforms the stochastic KdV: Ut + 6 UUx + Uxxx = 0.

The One Soliton Solution of the KdV

U(X, T) =2n%sech?(n(X — 47° T — Xp)) (9)

u(x,t) = 2n* sech? (n <x —4n’t — xo — 6/0t w(t") dt’)> +W(t). (10)
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Ensemble (Statistical) Average

b [ wk 2
<ulx,t)> = —L [ _TE_giak—bl gy
u(x, £) 7 J_. sinhak®

W[ —(a=sP/ab goep 25
= — e\ ° sech“= ds, 11

where a = 2n(x — xp — 27°t),

t
b= < m2(t) >, m(t) = —6/ W(¢')dt'.
0
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Ensemble (Statistical) Average

2 [ 7wk
<u(x,t)> = —L TR giak=bi® g
T J_o Sinhmk

Uk > (a—s)?/4b 25
= e sech = ds, 11

where a = 2n(x — xg — 2n°t),

t
b=2n?< m’(t) >, m(t)= —6/ W(t")dt'.
0

Results

White Noise (Wadati 1983): b = 48n2%¢t3
Exponential noise (Orlowski and Sobczyk 1989):

T T

2.t t t
b = 36173 <§(;)3 — (=2 -201-2)e" "+ 2>
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Averaged Soliton with Noise
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Stochastic KdV: < u(x, t) >mnax vs. t

500 runs fore =1 and n =2
9 T T T T T T T
exact
numerical | 4

amplitude

time

Figure: 500 runs for x € [—10,90] with N = 1000, € = .1, and n = 2.
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Log-log Plot for Rescaled Integral Solution
[e=0.1 and y=0.1]
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Stochastic KdV: < u(x, t) >mnax vs. t

Two Soliton solution for e=.5 and y=.01

amplitude
o

Fig
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ure: Two Soliton Solution with Damping
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What About Colored Noise vs White?

KdV Soliton Under White Noise
25 T T T T

Amplitude <u(x,t)>

0 10 20 30 40 50 60 70
Time t

Figure: 500 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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Stochastic KdV Amplitudes - Pink Noise

25 T

KdV Soliton Under Pink Noise
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Figure: 1000 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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Stochastic KdV Amplitudes - Pink Noise

KdV Soliton Under Pink Noise
2 T T T T

Amplitude <u(x,t)>

Figure: 2000 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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Stochastic KdV Amplitudes - Brown Noise

KdV Soliton Under Brown Noise
2.2 T T T T

Amplitude <u(x,t)>

70

Time t

Figure: 1000 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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Stochastic KdV Amplitudes - Brown Noise

KdV Soliton Under Brown Noise
25 T T T T

Amplitude <u(x,t)>

Figure: 2000 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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Stochastic KdV Amplitudes - Brown Noise

KdV Soliton Under Brown Noise
25 T T T T

Amplitude <u(x,t)>

Figure: 3000 runs for x € [—10,90] with N =500, € = .1, and n = 2.
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